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Abstract

A fast and accurate method of generating reali zations of ahomogeneous Gaussian scalar random
process in one, two, or three dimensions is presented. The resulting discrete process represents
local averages of ahomogeneous random function defined by its mean and covariance function, the
averaging being performed over incremental domains formed by different levels of discretization
of thefield. The approachis motivated first by the need to represent engineering propertiesaslocal
averages (since many properties are not well defined at a point and show significant scale effects),
and second to be able to easily condition the realization to incorporate known data or change
resolution within sub-regions. The ability to condition the realization or increase the resolution in
certain regionsisan important contribution to finite el ement modeling of random phenomena. The
Ornstein-Uhlenbeck and fractional Gaussian noise processes are used as illustrations.

I ntroduction

Stochastic models of natural phenomena are rapidly gaining popularity within the scientific
community for a variety of reasons, not the least of which is marked improvements in computer
processing speeds and graphics capabilities. From a predictive point of view, the magjor use of such
models is in the quantification of system reliability and optimization of data acquisition. Many
problems of practical interest to engineers remain unsolved by analytical means but are amenable
to approximate solutions via Monte Carlo simulation. In the context of stochastic finite element
analyses, Monte Carlo techniquesareintuitively appealing and often give good resultsfor otherwise
intractable problems.

In this paper afast and accurate method of producing realizations of a discrete ‘local average’
random processis presented. The motivation for such an approach arose out of a need to account
for the fact that most engineering measurements are only defined over somefinite domain and thus
represent a local average of the property. For example, soil porosity is ill-defined at the micro-
scale —it is measured using samples of finite volume and the variability of the values obtained is
often significantly effected by the volume tested. The same is true of strength measurements, say
concrete cylinders, or radar measurements of cloud or rainfall densities (see a'so Rodriguez-Iturbe
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1986). A properly defined random local average processis therefore more easily related to actual
measurements made at any scale and those measures more easily incorporated.

Another advantage to the proposed method isthat it isideally suited to stochastic finite element
modeling using efficient, low order, interpolation functions. Each discretelocal average given by a
realization becomes the average property within each discrete element. In this context, the ability
to easily change the resolution of aregion of the domain while maintaining internal consistency
will give finite element model ers the freedom of changing mesh resolution in regions of interest.

The concept behind the Local Average Subdivision (LAS) approach arose out of the stochastic
subdivision algorithm described by Carpenter (1980) and Fournier et al. (1982). Their method was
limited to modeling power spectrahaving aw=" form and suffered from problemswith aliasing and
‘creasing’. Lewis(1987) generalized the approach to allow the modeling of arbitrary power spectra
without eliminating the aliasing. Such midpoint displacement algorithms involve recursively
subdividing the domain by generating new midpoint values randomly selected according to some
distribution. Oncechosen, thevalueat apoint remainsfixed and at each stagein the subdivision only
half the points in the process are determined (the others created in previous iterations). Aliasing
arises because the power spectral density is not modified at each stage to reflect the increasing
Nyquist frequency associated with each increase in resolution. Voss (in Peitgen et al. 1988, Chap.
1) attempted to eliminate this problem with considerable success by adding randomness to all
points at each stage in the subdivision in amethod called ‘ successive random additions' . However
the internal consistency easily achieved by the midpoint displacement methods (their ability to
return to previous states while decreasing resolution through decimation) is largely lost with the
successive random additions technique. The property of internal consistency in the midpoint
displacement approaches implies that certain points retain their value throughout the subdivision
and other points are created to remain consistent with them with respect to correlation. Inthe LAS
approach, internal consistency impliesthat certain regions maintain a constant average throughout
the subdivision. The property of internal consistency isimportant because it allows the process to
be easily conditioned.

The method proposed here solves the problems associated with the stochastic subdivision
methods and incorporates into it concepts of local averaging theory. The general concept and
procedure is presented first for a one-dimensional stationary process characterized by its second-
order statistics. The algorithm is illustrated by a Ornstein-Uhlenbeck process, having a ssimple
exponentia correlation function, as well as by a fractional Gaussian noise process as defined by
Mandelbrot and van Ness (1968). The simulation procedure in two and three dimensions is then
described. Finally some comments concerning the relative efficiency of the method are made.



One-Dimensional L ocal Average Subdivision

The construction of a local average process via LAS essentially proceeds in a top-down
recursive fashion (Fenton 1990) asillustrated in Figure 1. In Stage O, aglobal average is generated
for the process. In Stage 1, the domain is subdivided into two regions whose ‘local’ averages must
in turn average to the global (or parent) value. Subsequent stages are obtained by subdividing
each ‘parent’ cell and generating values for the resulting two regions while preserving upwards
averaging. Note that the global average remains constant throughout the subdivision, a property
that is ensured merely by requiring that the average of each pair generated is equivalent to the
parent cell value. Thisis also a property of any cell being subdivided — such internal consistency
allowsfor simple conditioning of the process. Specifically, the algorithm proceeds as follows,

1) generate a normally distributed global average (labeled Z? in Figure 1) with mean zero and
variance obtained from local averaging theory,

2) subdivide thefield into two equal parts,

3) generate two normally distributed values, Z1 and Z2, whose means and variances are selected
so asto satisfy three criteria:
a) that they show the correct variance according to local averaging theory,
b)  that they are properly correlated with one another,
c) thatthey averageto the parent value, (71 + Z3) = Z2.
That is, the distributions of Z} and Z} are conditioned on the value of Z?,

4) subdivide each cell in stage 1 into two equal parts,

5) generate two normally distributed values, Z? and Z3, whose means and variances are selected

so asto satisfy four criteria

a) that they show the correct variance according to local averaging theory,

b)  that they are properly correlated with one another,

c) thatthey averageto the parent value, (7% + Z2) = 71,

d) thatthey are properly correlated with Z2 and Z2.
The third criteria implies conditioning of the distributions of Z2 and Z3 on the value of Z3.
Thefourth criteriawill only be satisfied approximately by conditioning their distributions also
on Z3.

and so on in thisfashion. The approximations in the algorithm come about in two ways: first the
correlation with adjacent cells across parent boundaries is accomplished through the parent values
(which are already known having been previously generated). Second the range of parent cellson
which to condition the distributions will be limited to some neighborhood. The remainder of this
paper is devoted largely to the determination of these conditional Gaussian distributions at each
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stage in the subdivision and to an estimation of the algorithmic errors. In the following, the term
‘parent cell’ refers to the previous stage cell being subdivided and * within-cell’” means within the
region defined by the parent cell.

To determine the mean and variance of the Stage 0 value, Z2, consider first a continuous
stationary scalar random function Z(¢) in one dimension, a sample of which may appear as shown
in Figure 2, and define a domain of interest (0, D] within which a realization is to be produced.
Two comments should be made at this point: First, as it is currently implemented the method is
restricted to stationary processesfully described by their second-order statistics (mean, varianceand
autocorrel ation function or, equivalently, spectral density function). Thisis not a severe restriction
since it leaves a sufficiently broad class of functions to model most natural phenomena (Lewis
1987); aso, there is often insufficient data to substantiate more complex probabilistic models.
Second, the subdivision procedure depends on the physical size of the domain being defined since
the dimension over which local averaging is to be performed must be known. The process 7
beyond the domain (0, D] isignored.

The average of Z(t) over thedomain (0, D] is given by

D
2= [ 2o @
0
where Z? is arandom variable whose statistics
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can be found by making use of stationarity and thefact that B(r), the covariancefunction of Z(¢), is
an even function of lag . Without loss in generality, E[ Z] will henceforth be taken as zero where
E[-] isthe expectation operator. If Z(t) is a Gaussian random function, (2) and (3) give sufficient
information to generate a realization of Z2 which becomes stage 0 in the LAS method. If Z(2) is
not Gaussian, then the complete probability distribution function for Z2 must be determined and
a realization generated according to such a distribution. This is beyond the scope of the present
paper and so we restrict our attention to Gaussian processes.

Consider now the general case where stage: isknown and stage: + 1 isto be generated. Inthe
following the superscript : denotes the stage under consideration. Define

. D ]
D=3, i=0,1,2,...,1L, (4



where the desired number of intervalsin the realizationis N = 2%, and define Z; to be the average
of Z(t) over theinterval (k — 1)D* < t < kD' centered at ¢, = (k — 3)D', i.e.

kD*

Zi=1 / 7€) dé (5)

(k=1)D*

where E[Z;] = E[Z] = 0. The target covariance between local averages separated by lag m D’
between centersis

kD (k+m)D?
E[zizi] =E|() [ [ z20z€) s
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A much simpler formulation is possible by introducing the concept of a variance function defined
as follows (Vanmarcke 1984)
Dt D? Dt

v(0) = ()7 [ | B =€) dede’ = 2(2L)% [ (1] — 7)) B(r)dr 7)
/] /

where o> = B(0). Vanmarcke has determined this function for a variety of processes. In terms of
the variance function, (6) becomes

E[ZiZ.,] = %2 [(m _ 1)27((m _ 1)Di> — 2m2fy<m Di> +(m+ 1)2’y<(m + 1)Df>} G)

With referenceto Figure 3, the construction of stage: +1 given stage: isobtained by estimating
amean for Z;* and adding a zero mean discrete white noise ¢** U;** having variance (¢'**)?

Zyt= M+ U (9)

The best linear estimate for the mean M;* can be determined by a linear combination of stage i
(parent) values in some neighborhood 7 — n, ..., +n,

Jtn

M3t =" aj; Z. (10)

k=j—n
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Multiplying (9) through by 7, taking expectations and using thefact that U/:** isuncorrelated with
the stage: values allowsthe determination of the coefficients « in terms of the desired covariances,

Jtn
E[Z 7] = ) aiE[Zi 7] (11)

k=j—n

a system of equations (m = j — n,...,j + n) from which the coefficients a’, ¢ = —n,...,n,
can be solved. The covariance matrix multiplying the vector {a}} is both symmetric and Toeplitz
(elements along each diagonal are equal). For U ;f“ ~ N(0,1) the variance of the noise term is
(c***)2 which can be obtained by squaring (9), taking expectations and employing the results of (11)

Jtn

(Ci+1)2 -E [(Zgl 2] _ Z az_j E [Z;;rl Z;C] . (12)

k=j—n

The adjacent cell, g;il, is determined by ensuring that upwards averaging is preserved — that
the average of each stage: + 1 pair equals the value of the stage : parent,

Sl=27 - 7 (13)
which incidentally gives a means of evaluating the cross-stage covariances
El[z, 2] =iE[Z; Z; | +AE[ 2,7 2,0 (14)

All the expectationsin Equations (11) to (14) are evaluated using (6) or (8) at the appropriate stage.

For stationary processes, the set of coefficients {a}} and ¢' are independent of position since
the expectations in (11) and (12) are just dependent on lags. The generation procedure can be
restated as follows;

1) fori =0,1,2, ..., L compute the coefficients {a’}, £ = —n,...,n using (11) and ¢** using
(12),

2) starting with: = 0, generate arealization for the global mean using (2) and (3),

3) subdivide the domain,

4) foreachj =1,2,...,2 generateredizationsfor Z;* and Zi!*, using (9) and (13),
5) increment : and, if not greater than L, return to step 3.

Notice that subsequent realizations of the process need only start at step 2 and so the overhead
involved with setting up the coefficients becomes rapidly negligible.

Because the LAS procedureis recursive, obtaining stage: + 1 values using the previous stage,
itisrelatively easy to condition the field ssimply by specifying the values of the local averages at a
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particular stage. So, for example, if the global mean of a processis known a priori, then the stage
0 value can be set to thismean and the LAS procedure started at stage 1. Similarly if the resolution
isto be refined in acertain region, then the valuesin that region become the starting values and the
subdivision resumed at the next stage.

Althoughthe LAS method yieldsalocal average process, when the discretization size becomes

small enoughitisvirtually indistinguishablefrom the limiting continuousprocess. Thusthe method
can be used to approximate continuous functions as well.

Accuracy

It is instructive to investigate how closely the algorithm approximates the target statistics of
the process. Changing notation slightly, denote the stage : + 1 algorithmic values, given the stage :
values, as

Jtn

Lt =cMUR Y a7 (15)

k=j—n

A VAR A (16)

27—1
It is easy to see that the expectation of Z is still zero, as desired, while the varianceis

Jtn
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in which the coefficients ¢'** and «} where calculated using (11) and (12) as before. Similarly, the
within-cell covariance at lag D'** is

Jtn Jtn
E[Z2in 25 =E| (22 - Ui = Y i zi) (Rt Y ai, 7))
k=j—n l=j—n
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Jtn
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=2E[2, 7] - E[(Z]

=E[Zi, 7] (18)
using the results of (17) aong with (14). Thus the covariance structure within a cell is preserved

exactly by the subdivision algorithm. Some approximation does occur across cell boundaries as
can be seen by considering

Jtn+l

<“1U“1+ Z ai_ ]Zk) <2zg+1—ci+1U;:;— 3 a;;_j_lzg)
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Jtn+l
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The agorithmic error in this covariance comes from the last two terms. The discrepancy between
(19) and the exact covariance is illustrated numerically in Figure 4 for a zero mean Ornstein-
Uhlenbeck process having covariance and variance functions

B(r)=o exp{ 2l |} (20)

0> [2|T —2|T
1) = 57 {% +exp{%} - 1] (21)

where 7' is the averaging dimension (in Figure 4, 7' = D***) and @ isthe scale of fluctuation of the
process. The exact covariance is determined by (8) (for m = 1) using the variance function (21).
Although Figure 4 shows a wide range in the effective cell sizes, 27'/6, the error istypically very
small.

To address the issue of errors at larger lags and the possibility of errors accumulating from
stageto stage, it isuseful tolook at the exact versus estimated statistics of the entire process. Figure
5 illustrates this comparison for the Ornstein-Uhlenbeck process. It can be seen from this example
and from the fractional Gaussian noise example to come, that the errors are self-correcting and the
algorithmic correlation structure tendsto the exact correlation function when averaged over several
realizations. Spectral analysis of realizations obtained from the LAS method show equally good
agreement between estimated and exact (Fenton 1990). The within-cell rate of convergence of the
estimated statistics to the exact is 1/ N, where N is the number of realizations. The overall rate
of convergenceis about the same.



Boundary Conditionsand Neighborhood Size

When the neighborhood size (2» + 1) isgreater than 1 (» > 0), the construction of values near
the boundary may require values from the previous stage which lie outside the boundary. This
problem is handled by assuming that what happens outside the domain (0, D] isof no interest and
uncorrelated with what happens within the domain. The generating relationship (9) near either
boundary becomes '

Jtq
Z = MU Y a7 (22)
k=j—p
where p = min(n, j — 1), ¢ = min(n, 2° — ;) and the coefficients «; need only be determined for
{=—p,...,q. Theperiodic boundary conditions mentioned by Lewis (1987) are not appropriate if
thetarget covariance structure isto be preserved sincethey lead to a covariance which is symmetric

about lag D /2 (unless the desired covariance is also symmetric about this|ag).

In the implementation described in this paper, a neighborhood size of 3 wasused (n = 1), the
parent cell plusitstwo adjacent cells. Because of the top-down approach, there seems to be little
justification to using alarger neighborhood for processes with covariance functionswhich decrease
monotonically or which are relatively smooth. When the covariance functionis oscillatory, alarger
neighborhood is required in order to successfully approximate the function. In Figure 6 the exact
and estimated covariances are shown for a process with

B(r) = ¢? cos(wr) e~ %/, (23)

Considerableimprovement in the model is obtained when aneighborhood size of 5isused (n = 2).
This improvement comes at the expense of taking about twice as long to generate the realiza-
tions. Many practical models of natural phenomena employ monotonically decreasing covariance
functions, often for ssimplicity, and so then = 1 implementation is usually preferable.

Fractional Gaussian Noise

Asafurther demonstration of the LAS method, a self-similar processcalled fractional Gaussian
noise was simulated. Fractional Gaussian noise (fGn) is defined by Mandelbrot et al. [5] to be
the derivative of fractional Brownian motion (fBm), obtained by averaging the fBm over a small
interval 6. The resulting process has covariance and variance functions

0_2

B(r) = 5520

|7+ 8] = 27 [+ |7 — o] (24)

T = |T+5|2H+2 - 2|T|2H+2+ |T _ 5|2H+2_ 252H+2
1) = T2(2H + 1)(2H + 2)62H
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defined for 0 < H < 1. Thecase H = 0.5 corresponds to white noise and # — 1 givesw™?! type
noise. In practice J is taken to be equa to the smallest lag between field points (5 = D/2%) to
ensure that when H = 0.5 (white noise), B(r) becomeszeroforal = > D/2-. A samplefunction
and its corresponding ensemble statistics are shown in Figure 7 for w=* type noise (H = 0.95)
where 3 = 2H — 1. Thesalf-similar type processes have been demonstrated by Mandelbrot (1982),
Voss (1985), and many others (Mohr 1981, Peitgen et al. 1988, Whittle 1956, to name a few) to
be representative of alarge variety of natural forms and patterns, for example music, terrains, crop
yields, and chaotic systems.

Multi-Dimensional Extensions

In two dimensions, a rectangular domain is defined and the subdivision proceeds by dividing
rectangles into 4 equal areas at each stage. In order to preserve the exact within-cell covariance
structure, three random noises are added to three of the quadrants and the fourth quadrant is
determined such that upwards averaging is preserved. Figure 8 presents the 2-D LAS scheme for
the first 3 stages in which the center of each local average is marked with a different symbol for
each stage. The generating relationships are,

Nzy

i+l — 7+l — 2+1 7+l
1 T Ho52k - Cy 1]k+§ aél m(é) n(f)
’I'ngy
i+l — 1+1 — atlgyretl 2+1 1+1 7 z
Zz = H2j,2k—1 - Cy 17k tc 27k + E aézzm(é),n(é)
(26)
Ngy
i+l — 1+1 — atlyretl 1+l 2+1 2+1 1+1
Za = Hoj—1,2k — C3 17k +C 2]k 35k + E aéa rr(é) n(f)
i+l — 1+1 — 7 1+l 1+1 1+1
Z = Hoj—12k—1 T 4ij T g2k T Hojok—1 T H2j—1,2k

where U is a Gaussian variate with zero mean and unit variance and m(¢), n(¢) are indexing
functions traversing (in a fixed pattern) the n,., = (2n, + 1) x (2n, + 1) neighborhood of Z;k In
this implementation, »,, = »n, = 1 and the boundary conditions are handled in the same fashion as
for the 1-D case. The coefficients {a’, } can be caculated from the linear equations

Nzy

E[Zi% Zhn)) = D T0E [ Zhnw Zie)nt) - p=12... ng
=1

E[Z 5 Ztynt)) = D 82E [ 20 Zintoynt) - pP=12... ng (27)
=1
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2+ 7 — 7 7 7 —_
ElZ % Zniynw)] = D 96E [ Zn@mo) Zmeynw) » p=12..., ng
=1

in which the matrices on the right hand sides are symmetric but no longer Toeplitz in general. The
coefficient matrix ¢*** is assumed to be lower triangular satisfying

ci+1 . (ci+1)T =R (28)

where R is symmetric and given by

R, =E[ZMZM =Y ahE[Zh e 257 rs=1,23 (29)
£=1
using the indexing notation defined at the extreme left of (26). The assumption of homogeneity
vastly decreases the number of coefficients that need to be calculated and stored since {a¢.} and
c'™* become independent of position. Asin the 1-D case, the coefficients need only be calculated
prior to the first realization — they can be re-used in subsequent realizations reducing the effective
cost of their calculation.

The expectations used in equations (27) to (29) can be determined from the two dimensional
variance function of the process

1 1
E[Zis Zivminn] = 30° D wpm+pf Y wy(n+qfy ((m+ @)D, (0 +p)D})  (30)

p=-1 g=-1
where,
{ -2, when/ =0
wy = .
1, otherwise

and where D, and D}, are the dimensionsof theindividual averaging rectangles at stagei. For
a quadrant symmetric covariance structure, v(-) is defined by Vanmarcke (1984) to be

T Ty

AT T) = (o) / / (T — () (T — 7)) B(rs, 7 dry (31)

-Th-T>

A sample function of a5 x 5 first-order Markov process having isotropic covariance function

B(Tb Tz)zaze)(p{_%\/ 7—12'+'7_22} (32)

was generated using the two-dimensional LAS algorithm and is shown in Figure 9. The field was

subdivided 8 times to obtain a256 x 256 resolution giving relatively small cellsof size 25 x 2.
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The estimated covariances along three different directions are seen in Figure 10 to show very good
agreement with the exact (30). The agreement improves (as 1/N ;) when the statistics are averaged
over alarger number of realizations. Notice that the horizontal axison Figure 10 extends beyond a
lag of 5 to accomodate the estimation of the covariance along the diagonal (which haslength 5v/2).

In three dimensions, the LAS method involves recursively subdividing rectangular parallelepi-
pedsinto 8 equal volumes at each stage. The generating relationships are essentially the same as
in the 2-D case except now 7 random noises are used in the subdivision of each parent volume at
each stage

s Nzyz

ZM = dTUSL > ay Zngmone  S=L2..7 (33)
r=1 =1
7
Zé+l — 8Z;k1 N Z Z;+l (34)
s=1

inwhich Z:** denotesaparticular octant of the subdivided cell centered at ;. For aneighborhood
size, n,,., of 3 x 3 x 3, Figure 11 compares the estimated and exact covariance of a three-
dimensional first-order Markov process having isotropic covariance

B(ry, 7, 73) = o exXp{— % \/m} (35)

Thephysical field sizeof 5 x 5 x 5was subdivided 6 timesto obtain aresolution of 64 x 64 x 64
and the covariance estimates were averaged over 50 realizations.

I mplementation and Efficiency

In order to calculate stage : + 1 values, the values at stage : must be known. This implies that
in the 1-D case, storage must be provided for at least 1.5V values where N = 2! is the desired
number of intervals of the process. The implementation described in this paper stores all the
previous stages, astorage requirement of (2N — 1) in1-D, 3(N x N)in2-D,and (N x N x N)
in 3-D. Thisalowsrapid ‘ zooming out’ of thefield. The coefficients {a‘} and ¢!, which must aso
be stored, can be efficiently calculated using LU factorization (see Equation 28) and successive
backsubstitutions (see Equation 27). The Toeplitz property of the matrix in Equation (11) was not
taken advantage of for neighborhood sizes greater than 3.

The LAS method is also very competitive with the popular Fast Fourier Transform method
in its execution speed. Table 1 compares times of the two methods running on a Cyber 205
(CDC) super-computer for one, two, and three-dimensional realizations. In one dimension, using
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a neighborhood size of 3, LAS runs dlightly faster than the FFT approach. Both methods have
negligible setup times for the coefficient calculations. In two and three dimensions, the LAS
approach runs about 1.5 to 2 times slower than the FFT. One needs to be careful in making a direct
comparison, however, since the FFT approach yields an observed covariance structure which is
symmetric about D /2 due to assumed periodicity (Fenton 1990). Thusto obtain aprocesswith the
correct statistics viaFFT, the size of the field must be increased (and the excess ignored), in some
cases by as much as a factor of 2. This means that execution times of a ‘corrected’ FFT method
could be as much as 2¥ times greater than those shown in Table 1, where E is the dimension of the
process.

Conclusions

The LAS agorithm has been found to be an efficient and accurate means of producing realiza-
tions of homogeneous Gaussian random local average processes in one, two or three dimensions.
The primary advantages the method has over existing approaches are;

1) conditioning the realization using known local averagesissimple,

2) producesrealizationswhich are scal e dependent and show the proper covariance between local
averages at any resolution,

3) idedlly suited to finite element model susing efficient low order interpolation functionsin which
each local average becomes an element property,

4) avoidsthe aliasing, creasing, and symmetric covariance problems found with other traditional
methods.

As it is currently implemented, the method is restricted to isotropic covariance functions in 2
and 3 dimensions. This is not a serious restriction since anisotropic fields having ellipsoidal
covariance functions can be simply produced by scaling the space coordinates of an isotropic
process appropriately.
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Appendix | I. Notations

The following symbols are used in this paper:
B=2H -1
0 = interval over which fBm isaveraged in order to define the derivative
~(-) = variance function of the process 7
6 = scale of fluctuation
o = standard deviation of the continuous point process 7
T =lag
w = frequency, radians/sec
al, = best linear estimate coefficient at stage i
B(-) = covariance function of Z
¢ = coefficients of the noise U at stage s
D = physical length of process
D' = physical length of acell of the subdivided field at stage i
E[-] = expectation operator
H = self-similarity parameter
L = desired number of subdivisionsto perform
M = estimated mean
N = desired number of elementsin the final process
N = number of realizations of the field
n = neighborhood range
U = unit variance, zero mean discrete Gaussian white noise
7 = scalar random function
7, = average of Z over length D* centered at (k — 2) D'
Z}; = algorithmic approximation to Z;
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LAS generated sample function of w~° noise for H = 0.95 (a) and corresponding
estimated (averaged over 200 realizations) versus exact covariance function (b).

First three stages and indexing scheme of the 2-D LAS algorithm (stage 0 = X, stage
1=+, and stage 2 = o).

LAS generated sample function of the two-dimensional first-order Markov process
(32) for 6 = 1.

Comparison of exact and estimated (averaged over 100 realizations) covariance func-
tions of the two-dimensional first-order Markov process (32) witho = 1and 6 = 1.

Comparison of exact and estimated (averaged over 50 realizations) covariance func-
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Summary

A fast and accurate method of simulating homogeneous Gaussian scalar random processesin
one, two, or three dimensions is presented. Redlizations are made up of discrete local averages
of the underlying random field which are consistent with the level of resolution and which can
be easily conditioned. Theoretical basis for the procedure is discussed and several examples are
presented involving one-, two-, and three-dimensional random fields.

Keywords

simulation, random processes, stochastic models, probability, statistics, Monte-Carlo, fractional
Gaussian noise, random fields, stochastic finite elements.



Tablel Comparison of execution timeson a Cyber 205 super-computer

Type Resolution Number of Time (seconds)
Realizations Setup Generation

1-D FFT 256 200 0.0013 0.18
1-D LAS 256 200 0.0017 0.15
2-D FFT 256 256 100 0.1265 15.20
2-D LAS 256 256 100 0.1156 23.01
3-D FFT 64 x 64 x 64 50 0.1517 48.77
3-D LAS 64 x 64 x 64 50 6.1740 100.57
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