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L oad and Resistance Factor Design of Shallow Foundations
Against Bearing Failure
by Gordon A. Fenton, D. V. Griffiths, and Xianyue Zhang

Abstract

Shallow foundation designs are typically governed eitlyesditlement, a serviceability limit state,
or by bearing capacity, an ultimate limit state. While gebtecal engineers have been designing
against these limit states for over half a century, it is arlyently that they have begun to migrate
towards reliability-based designs. At the moment, religbbased design codes are generally
derived through calibration with traditional working steedesigns. To take advantage of the full
potential of reliability-based design the profession ngadbeyond calibration and take geotechnical
uncertainties into account in a rational fashion.

This paper proposes a Load and Resistance Factor Desigm{Ldpproach for the bearing capacity
design of a strip footing, using load factors as specifiedtinctural codes. The resistance factors
required to achieve an acceptable failure probability atemated as a function of the spatial
variability of the soil and by the level of “understanding’tbe soil properties in the vicinity of
the foundation. The analytical results, validated by satiah, are primarily intended to aid in the
development of the next generation of reliability-basedtgehnical design codes, but can also be
used to assess the reliability of current designs.

Keywords: bearing capacity, reliability, resistance factors, load eesistance factor design, ulti-
mate limit state, shallow foundation



1. Introduction

The design of a shallow footing typically begins with a sitedstigation aimed at determining the
strength and compressibility characteristics of the fangdoil or rock. Once this information
has been gathered, the geotechnical engineer is in a pogitadetermine the footing dimensions
required to avoid entering various limit states. In so doiiigvill be assumed here that the
geotechnical engineer is in close communication with thecstiral engineer(s) and is aware of the
loads that the footings are being designed to support. Tiedtates that are usually considered in
the footing design are serviceability limit states (typlicaleformation) and ultimate limit states.
The latter is concerned with safety and includes the loadxcey capacity, obearing capacity, of
the footing. Figure 1 illustrates a bearing capacity (utienlimit state) failure of a strip footing
founded on a spatially variable soil. The failure surfacesga through the lower strength (lighter)
regions of the soil.

Figurel. Bearing failure of a strip footing founded on a spatiallyighate soil by the
random finite element method.
This paper develops a load and resistance factor design).BRpproach for shallow foundations
designed against bearing capacity failure. The designigadaldetermine the footing dimensions
such that theiltimate geotechnical resistance based on characteristic soil properti&s, satisfies

whereg, is thegeotechnical resistance factor, / is animportance factor, «; is thes’th load factor,
andL; is thei'th characteristic load effect. The goal of this paper is to determine the relationship
betweenp, and the probability that the designed footing will expecea bearing capacity failure.
The authors recognize that the use of the symha somewhat confusing in a geotechnical paper
since the friction angle also uses the symbolHowever, in light of the use of the symbelfor
resistance factor by the National Building Code of Canada(GR) [National Research Council
(NRC), 2005] and other structural codes (see, for examipéeyse of the symbal for resistance
factor in Commentary K “Foundations” of the User’s Guide —®IB005 Structural Commentaries,
NRC, 2006). The authors are also adopting the common notetn@re the subscript denotes the
material that the resistance factor governs. For exampherew,. and ¢, are resistance factors
governing concrete and steel, the letién ¢, will be taken to denote “geotechnical” or “ground.”

The importance factot, reflects the severity of the failure consequences and mérpper than
1.0 for important structures, such as hospitals, whosertatonsequences are severe and whose
target probabilities of failure are much less than for tgpstructures. Typical structures usually are
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designed using = 1, which will be assumed in this paper. Structures with lailufe consequences
(minimal risk of loss of life, injury, and/or economic imgamay havel < 1.

Only one load combination will be considered in this paaeLrﬁL + aDED, WhereiL is the
characteristic live IoadI:D is the characteristic dead load, and and«,, are the live and dead
load factors, respectively. The load factors used in thpepavill be as specified by the National
Building Code of Canada (NRC, 2005); = 1.5 anda, = 1.25. The theory presented here,
however, is easily extended to other load combinations awntbffs, so long as their (possibly
time-dependent) distributions are known.

The characteristic loads will be assumed to be defined ingtefrthe means of the load components
in the following fashion,

[2@] EL = kLel’LLe
[20]

~

o =kplip

wherey,, andy, are the means of the live and dead loads, respectivelykanandk, are live
and dead loadbias factors, respectively. The bias factors provide some a@egfécomfort’ by
increasing the loads from the mean value to a value havingsetechance of being exceeded.
Since live loads are time varying, the valuegf is more specifically defined as the mean of
the maximum live load experienced over a structure’s hieti(the subscript denotesextreme).
This definition has the following interpretation: if a sexief similar structures, all with the same
lifespan, is considered and the maximum live load expeedni each throughout its lifespan is
recorded, then a histogram of this set of recorded maximuenlbads could be plotted. This
histogram then becomes an estimate of the distributionasfdlextreme live loads and the average
of the observed set of maximum values is an estimaje, of As an aside, the distribution of live
load is really quite a bit more complicated than suggestethlsyexplanation, since it actually
depends on both spatial position and time (e.g. regionswalés tend to experience much higher
live load than seen near the center of rooms). However,ritsiestimates of live loads are quite
appropriately based on spatial averages both conserlyatind for simplicity, as discussed next.

For typical multi-story office buildings, Allen (1975) estates., to be 1.7 kN/m, based on a 30
year lifetime. The corresponding characteristic live lgagen by the National Building Code of
Canada (NRC, 2005) i, = 2.4 kN/n?, which implies that:, = 2.4/1.7 = 141. Allen further
states that the mean live loatl any time is approximately equal to the 30-year maximum mean
averaged over an infinite area. The NBCC provides for a réatugt live loads with tributary area
using the formula B +,/9.8/A, whereA is the tributary area4 > 20 n¥). For A — oo, the mean
live load at any time is thus approximatgly = 0.3(1.7) = 0.51 kN/n?. The bias factor which
translates the instantaneous mean live lpadp the characteristic live load,,, is thus quite large
having valuek, = 2.4/0.51 = 47.

Dead load, on the other hand, is largely static, and the tppa& €onsidered (e.g. lifetime) has
little effect on its distribution. Becker (1996) estimatesto be 1.18. Figure 2 illustrates typical
probability density functions for the three types of loatstantaneous live, extreme live, and
dead) commonly considered and the relative locations ofltlaeacteristic load values.
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Instantaneous live load distribution
---------------------- Maximum lifetime live load distribution
————— Dead load distribution

f ()
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Figure2. Characteristic and mean values of live and dead loads alotigtheir
corresponding distributions.

The characteristic ultimate geotechnical resistari¢ég, is determined using characteristic soil
properties, in this case characteristic values of thesscahesiong, and friction angleg (note that
although the primes are omitted from these quantities itilkhbe recognized that the theoretical
developments described in this paper are applicable terdibkal or effective strength parameters).
To obtain the characteristic soil properties, the soil mgi@d over a single column somewhere
in the vicinity of the footing, for example, a single CPT orfSgounding near the footing. The
sample is assumed to yield a sequencenobbserved cohesion values;, ¢, ..., c.,, andm
observed friction angle valuesy, ¢9, ..., ¢%,. The superscript ‘0’ denotes an observation. It is
assumed here that the observations are error-free, whaousconservative assumption. If the
actual observations have considerable error, then th&taeske factor used in the design should be
reduced. This issue is discussed further in the conclusions

The characteristic value of the cohesionis’defined in this paper as the median of the sampled
observations;?, which, assumingis lognormally distributed, can be computed using the geome
average,

m 1/m m
[3] ¢= [Hc§] =exp{%2lncf}
i=1 =1

The geometric average is used here becauses iiognormally distributed, as assumed, tlemill
also be lognormally distributed.

The characteristic value of the friction angle is computedmarithmetic average

~ 12
[4] o=—> 4
=1

The arithmetic average is used here becausassumed to follow a symmetric bounded distribution
and the arithmetic average preserves the mean. That isdhe afp is the same as the meandgaf
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To determine the characteristic ultimate geotechnicéj;ms;ce,}?u, it will first be assumed that
the soil is weightless. This simplifies the calculation & tlitimate bearing stresg,, to

[5] ¢u = N,

The assumption of weightlessness is conservative sinceociheveight contributes to the overall
bearing capacity. This assumption also allows the anatgsexplicitly concentrate on the role
of ¢N, on ultimate bearing capacity, since this is the only ternt itheludes the effects of spatial
variability relating toboth shear strength parameterande.

Bearing capacity predictions, involving specification b tV, factor in this case, are generally
based on plasticity theories (see, e.g., Prandtl, 192Fagér, 1943, and Sokolovski, 1965) in
which arigid base is punched into a softer material. Thesertbs assume that the soil underlying
the footing has properties which are spatially constargrfevhere the same). This type of ideal
soil will be referred to as aniform soil henceforth. Under this assumption, most bearing capacity
theories (e.g., Prandtl, 1921, and Meyerhof, 1951, 1968)rae that the failure slip surface takes
on a logarithmic spiral shape to give

e"tarf (5 +%) — 1
tang

[6] N, =

See Griffiths and Fenton (2001) for a probabilistic analgsefooting founded on a purely cohesive
(¢ = 0) soil. The current paper considers the more general dase -0 ¢ soil. One can always set
¢ = 0 in the following theory to perform a total stress analysisan “undrained clay” soil.

Consistent with the theoretical results presented by Fertoal. (2007), this paper will also
concentrate on the design of a strip footing, as illustratédgure 1. In this case, the characteristic
ultimate geotechnical resistande,, becomes

[7] R, = Bq,

where B is the footing width and?, has units of load per unit length out-of-plane, i.e., in the
direction of the strip foot. The characteristic ultimateabeg stressy,;; is defined by

[8] G, = N,
where the characteristi¥, factor is determined using the characteristic frictionlang Eq. 6,
e tart (5+5) 1

[9] N, = tand

For the strip footing and just the dead and live load comimnathe load and resistance factor
design (LRFD) equation becomes

A

I [ozLIA/L + ozDLD}
Pgu

[10] ¢,B4, =1I[a,L, +a,L,] = B=

To determine the resistance factoy, required to achieve a certain acceptable reliability ef th
constructed footing, it is necessary to estimate the prbtyabf bearing capacity failure of a
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footing designed using Eq. 10. This paper will use the themkeresults presented by Fenton
et al. (2007) for a strip footing, which will be summarizedSection 3. Once the probability
of failure, p, for a certain design using a specific value fgr is known this probability can be
compared to the maximum acceptable failure probabjlity, If p, exceed®,,, then the resistance
factor must be reduced and the footing re-designed. Siyilap; is less tham,,, then the design
is over-conservative and the valuegfcan be increased. A specific relationship betwggmand
¢, Will be given here. Design curves will also be presented framch the value ofp, required to
achieve a maximum acceptable failure probability can berdenhed.

As suggested above, the determination of the requiredtaesis factorgp,, involves deciding on
a maximum acceptable failure probabilipy,. The choice op,, derives from a consideration of
acceptable risk and directly influences the size pfDifferent levels ofp,, may be considered to
reflect the “importance” of the supported structurg,-may be much smaller for a hospital than
for an uninhabited storage warehouse.

The choice of a maximum failure probability,,, should consider the margin of safety implicit in
current foundation designs and the levels of reliability geotechnical design as reported in the
literature. The values gf,, for foundation designs are nearly the same or somewhatiasghose
for concrete and steel structures because of the diffiswainel high expense of foundation repairs.
A literature review of the suggested acceptable probghilitfailure for foundations is listed in
Table 1.

Tablel. Literature review of lifetime probabilities of failure obfindations.

Source DPm
Meyerhof (1970, 1993, 1995)| 1072 — 10
Simpson et al. (1981) 103
NCHRP (1991) 102 - 10~
Becker (1996) 103-10*

Meyerhof (1995) was quite specific about acceptable risk$te“order of magnitude of lifetime
probabilities of stability failure is about 18 for offshore foundation, about 18 for earthworks
and earth retaining structures, and about*f@r foundations on land.”

In this paper three maximum lifetime failure probabiliti@e2, 10-2, and 10 will be considered.

In general, and without regard to the structural categboma made by Meyerhof above, these
probabilities are deemed by the authors to be appropriatdegsigns involving low, medium and
high failure consequence structures, respectively. Resie factors required to achieve these
target probabilities will be recommended for the specifie ¢ soil considered. These resistance
factors are smaller than those the theory suggests for anained soil, since a = 0 soil has only
one source of uncertainty. In other words, the resistarsterfmbased on a generalized ¢ soill
are considered to be reasonably conservative.

Itis also noted that the effect of structural importanceudthactually be reflected in the importance
factor, I, of Eg. 1 and not in the resistance factor. The resistanderfatould be aimed at

a medium, or common, structural importance level and theomapce factor should be varied
above and below 1.0 to account for more and less importamttstes, respectively. However,
since acceptable failure probabilities may not be simphnazted to structural importandes 1 is
assumed in the following. For code provisions, the factecemmended here should be considered
to be the ratiap, /I



2. Therandom soil modé

The soil cohesiong, is assumed to be lognormally distributed with meanstandard deviation
o., and spatial correlation length,.. A lognormally distributed random field is obtained from a
normally distributed random fieldy), .(z), having zero mean, unit variance, and spatial correlation
lengthé,, . through the transformation

[11] C(g) = exp{:ulnc * o cGln c(g)}

wherey is the spatial position at whichis desiredgf, . = In (1 +02), yun. = In (1) — oin./2, and
v. = 0./ 1. is the coefficient of variation.

The correlation coefficient between the log-cohesion aitpg and a second point, is specified
by a correlation functiong, .(7), wherer = z, — z, is the vector between the two points. In this
paper, a simple exponentially decaying (Markovian) catreh function will be assumed, having
the form

12] o) = exp( 27 )

where|7| = /72 + 7% is the length of the vector. The spatial correlation length, ., is loosely

defined as the separation distance within which two valuels ofare significantly correlated.
Mathematically,d,, . is defined as the area under the correlation functign(r) (Vanmarcke,

1984).

The spatial correlation functiopy, .(7) has a corresponding variance reduction functign.(D),
which specifies how the variance is reduced upon local aregayd Inc over some domail. In
the two dimensional analysis considered hdves D, x D, is an area and the two-dimensional
variance reduction function is defined by

4 D1 Ds
[13] Yine(D1, D) = (D.D,)2 / (D1 — m)(Dy — 12)p(11, T2) d11 dT5
Jo Jo

which can be evaluated using Gaussian quadrature (seenFamdoGriffiths, 2003, and Griffiths
and Smith, 2006, for more details).

It should be emphasized that the correlation function setkabove acts between values otf.In
This is because Inis normally distributed and a normally distributed randoeidiis simply
defined by its mean and covariance structure. In practice,ctiirelation length9,,. can be
estimated by evaluating spatial statistics of the log-earedata directly (see, e.g., Fenton, 1999).
Unfortunately, such studies are scarce so that little iseciily known about the spatial correlation
structure of natural soils. For the problem considered,hiett@ns out that a worst case correlation
length exists which can be conservatively assumed in thenalesof improved information.

The random field is also assumed here to be statisticallyoisiat (the same correlation length in
any direction through the soil). Although the horizontalretation length is often greater than the
vertical, due to soil layering, taking this into account vd@emed to be a site specific refinement
which does not lead to an increase in the general undersigodithe probabilistic behaviour of
shallow foundations. The theoretical results presented, Heowever, apply also to anisotropic
soils, so that the results are easily extended to speciis.slthe authors have found that when the
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soil is sampled at some distance from the footing (i.e. metdly under the footing) that increasing
the correlation length in the horizontal direction to vaadove the worst-case isotropic correlation
length leads to a decreased failure probability, so thastiteopic case is also conservative for low
to medium levels of site understanding. When the soil is $adhgirectly below the footing, the
failure probability increases as the horizontal correlalength is increased above the worst case
scale, which is unconservative.

The friction angle,p, is assumed to be bounded both above and below, so that nedheal
nor lognormal distributions are appropriate. A beta disition is often used for bounded random
variables. Unfortunately, a beta distributed random fiedd B complex joint distribution and
simulation is cumbersome and numerically difficult. To ké@pgs simple, a bounded distribution
is selected which resembles a beta distribution but whigesaras a simple transformation of a
standard normal random field,;,(z), according to

whereg,,;, ando,,,. are the minimum and maximum friction angles in radians, eespely, and

s is a scale factor which governs the friction angle varisplietween its two bounds (see Fenton
and Griffiths, 2008, for more details). Figure 3 shows howdlstribution of ¢ (normalized to
the interval [0 1]) changes as changes, going from an almost uniform distributiorsat 5 to a
very normal looking distribution for smaller. Thus, varyings between about 0.1 and 5.0 leads
to a wide range in the stochastic behaviourofin all cases, the distribution is assumed to be
symmetric so that the midpoint betweep);,,, and¢,, ... is the mean. Values afless than 1 lead to
narrower distributions, however those witlyreater than about 5 lead to a U-shaped distributions
(higher at the boundaries), which are unrealistic.

[14 )= i+ Homae — ) { 1+ tanh( S

Figure3. Bounded distribution of friction angle normalized to thé&sival [O, 1].
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The following relationship betweenand the variance af derives from a third-order Taylor series
approximation to tanh and a first-order approximation tdfitned expectation,

ant(152)]
(%)

82

~ (0.5)2(¢ma$ - ¢mzn)2m

where H: -] is the expectation operator and &3 = 1 sinceG, is a standard normal random
variable. Eq. 15 slightly overestimates the true standaxdadion of ¢, from 0% whens = 0 to
11% whens = 5. A closer approximation over the entire range @ < 5 is obtained by slightly
decreasing the 0.5 factor to 0.46 (this is an empirical ddjast),

046(¢max - ¢mm)5
B VA2 + 52

The close agreement is illustrated in Figure 4.

[15] U; = (0'5)2(¢ma$ o ¢mm)2E

= (05)2(¢max o ¢mzn)2E

[16] Jq5

N

—

e simulated

---------------------- 0.46@max- Pmin) S/ (412 +52) 112

0]

o _|

o

S
o]

<

o _|

o

o

T T T T
0 1 2 3 4 5
S

Figure4. Relationship between, ands derived from simulation (100,000 realiza-
tions for eachs) and the Taylor's series derived approximation given by
EqQ. 16. The vertical scale correspond$(Q.. — ¢.m:n = 0.349 radians (20
degrees).

Eqg. 15 can be generalized to yield the covariance betwgey) and ¢(z;), for any two spatial

pointsz,; andz; as follows,
07 Cov[o(e). )] = OSF(Guar — 6 [tanh( 52 ) tann (2520
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SGdJ(gz) SG‘Z’(%])
27 27

2 2
1 [ (sGs(Z)) 5G(Z,)
1 + 2 (( zﬂ ) + ( 2w : ) )

2
N o et — 1))
~ (046f(Gmar — Smin)’—4 772

_ 2
=ogpe(T; — ;)

= (05)2(¢ma:c - ¢mzn)2E

where the empirical correction found in Eq. 16 was introdlicethe second last step.

It seems reasonable to assume that if the spatial cornelstiiocture of a soil is caused by changes
in the constitutive nature of the soil over space, then bottesion and friction angle would have
similar correlation lengths. Thug, is taken to be equal té,,. in this study and is assumed to
have the same correlation structureca&qg. 12), i.e.,o4(7) = pn.(7). Both correlation lengths
will be referred to generically from now on simply dsand both correlation functions a$r),
remembering that this length and correlation function otfleorrelation between points in the
underlying normally distributed random fields,, .(z) andG 4(z), and not directly between points
in the cohesion and friction fields (although the correlatengths in the different spaces are quite
similar). The correlation lengths can be estimated by dtesilly analyzing data generated by
inverting Eq’s 11 and 14. Since both fields have the sameletior function,p(7), they will also
have the same variance reduction function, g .(D) = v,(D) = v(D), as defined by Eq. 13.

The two random fields; and¢, are assumed to be independent. Non-zero correlationgbatw
and¢ were found by Fenton and Griffiths (2003) to have only a minfluence on the estimated
probabilities of bearing capacity failure. Since the gaheonsensus is thatand¢ are negatively
correlated (Cherubini, 2000, and Wolff, 1985) and the measaring capacity for independent
and¢ was slightly lower than for the negatively correlated cdsenfon and Griffiths, 2003), the
assumption of independence betweemd¢ is slightly conservative.

3. Analytical approximation to the probability of failure

In this section, an analytical approximation to the prolbgbof bearing capacity failure of a
strip footing is summarized. Eq. 5 was developed assumiridesl soil whose shear strength is
everywhere the same (i.euaiform soil). When soil properties are spatially variable, as they are
in reality, then the hypothesis made in this study is thatdscan be replaced by

[18] g, = N,

wherec and N, are theequivalent cohesion anéquivalent N, factor, defined as thogmiformsoil
parameters which lead to the same bearing capacity as @oserthe real, spatially varying, soil.
In other words, it is proposed that equivalent soil propstti and¢, exist such that a uniform soil
having these properties will have the same bearing capasithe actual spatially variable soil.
The value of/N, is obtained by using the equivalent friction angleijn Eqg. 6,

ertar? (5+4) — 1
tang
11

[19] N, =



In the design process, Eq. 18 is replaced by Eq. 8 and therdiesiing width, B, is obtained using
Eq. 10, which, in terms of the characteristic design vallezomes
1 [aLlA}L +aDiD]

[20] 2.8,

The design philosophy proceeds as follows: find the requioeting width B such that the
probability that the actual load,, exceeds the actual resistanggB, is less than some small
acceptable failure probability,,. If p; is the actual failure probability, then

[21] ps = P[L > ¢,B] = P[L > ¢N,B]

and a successful design methodology will haye< p,,. Substituting Eq. 20 into Eq. 21 and
collecting random terms to the left of the inequality leaals t

eN,  I[anl, +aply)
22 =P|L=— >
[ ] by [ N, %
Letting
ANC
(23] y=1Z
cN,
means that
Ia, L, +a,L
o I AR
g

and the task is to find the distribution &f. Assuming thaty” is lognormally distributed (an
assumption found to be reasonable by Fenton et al., 2007whiwth is also supported to some
extent by the central limit theorem), then

[25] INY =InL+Iné+InN, —Inc—InN,

is normally distributed ang, can be found once the mean and variance of lre determined.
The mean of Iy is

[26] Miny = Hing Y tine ¥ link, — lineg — Hin~,
and the variance of I is
[27] ok, = 0f, +ohe+ ohst obs, + ol s. — 2Cov[Ing, Iné — 2Cov[In N, In N,]

where the load[,, and soil properties; and¢ have been assumed mutually independent.
To find the parameters in EQ’s 26 and 27, the following two ag#ions are made;

1) the equivalent cohesion, is the geometric average of the cohesion field over some abne
influence,D, under the footing,

[28] c= exp{% '/D Inc(z) dg}
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Note that in this two-dimensional analysis,is an area and the above is a two-dimensional
integration. lfe(z) is lognormally distributed, as assumed, thésalso lognormally distributed.

2) the equivalent friction angle; is the arithmetic average of the friction angle over theezoh
influence,D,

_ 1
[29] == /D o) d

This relationship also preserves the mean,ig= 4.

Probably the greatest source of uncertainty in this araipsplves the choice of the domaib,

over which the equivalent soil properties are averaged win#efooting. The averaging domain
was found by trial and error to be best approximated’oy W x W, centered directly under the
footing (see Figure 5). In this study is taken as 80% of the average mean depth of the wedge
zone directly beneath the footing, as given by the clas8icahdtl failure mechanism,

08, T g
[30] W = T/LBtan(Z'F?)
and wheregu,, is the mean friction angle (in radians), within the zone dluence of the footing,
andyi, is an estimate of the mean footing width obtained by usingmsed properties,. and.,)
in Eq. 10,

I [aL[A/L + an/D]

31 T
134 fo Dylhetin,

The footing shown on Figure 5 is just one possible realiregioce the footing widthi3, is actually

a random variable. The averaging areavith dimensionlV suggested by Eq. 30 is significantly
smaller than that suggested by Fenton and Griffiths (2003)e 2003 study assumed that the
footing width was known, rather than designed, and recaghthat the larger averaging region
did not well represent the mean bearing capacity, which afsmis the most important value in
probability calculations. The smaller averaging regioedug this study may be reasonable if
one considers the actual quantity of soils involved in teggsthe bearing failure along the failure
surfaces. That isp would be the area of soil which deforms during failure. Sitlus area will
change, sometimes dramatically, from realization to redilon, the above can only be considered
a rough empirical approximation. The problem of decidingamnappropriate averaging region
needs further study. In the simulations performed to védidhe theory presented here, the soil
depth is taken to bé&/ = 4.8 m andAz = 0.15 m, whereAz is the width of the columns of finite
elements used in the simulations (see Figure 1).

To first order, the mean a¥, is,

e"otart (3 +5) — 1
tan,ud)
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Figure5. Averaging regions used to predict probability of bearingasaty failure.

Armed with the above information and assumptions, the comapts of Eq’s 26 and 27 can be
computed as follows (given the basic statistical parametérthe loads¢, ¢, the number and
locations of the soil samples, and the averaging domainig)ze

1)

2)

Assuming that the total load is equal to the sum of the maximum live lodd,_, acting over
the lifetime of the structure and the static dead ldagl,i.e. L = L, + L, both of which are
random, then

[33a] punz = In(u) — :_L In (1 +U%)
[331] o2, =In (1 +’UL)

wherey, = u,, + pp is the sum of the mean (max lifetime) live and (static) deadity and,
is the coefficient of variation of the total load defined by

2 2
oL, +o5,

[34] =
(ﬂLe + /’LD) 2

With reference to Eq. 3,
[35] =E Ly ;| =
Hing = m Z Ci | = Hinc

[36] a.ncf'” ZZ 2 1)

wherez? is the spatial location of the center of tfith soil sample {=1,2,...,m) andp is
the correlation function defined by Eqg. 12. The approxinratiothe variance arises because
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3)

4)

5)

correlation coefficients between the local averages aassubwvith observations (in that all tests
are performed on samples of some finite volume) are appra&ahzy correlation coefficients
between the local average centers. Assuming thaakbtuially represents a local average of
Inc over a domain of siz&x x H, whereAx is the horizontal dimension of the soil sample,
which, for example, can be thought of as the horizontal zdniefltuence of a CPT or SPT
sounding, and? is the depth over which the samples are taken, tfenis probably more
accurately computed as

[37] oine = oincy(Ax, H)
With reference to Eqg. 28,
1
38] o =E | 5 [ Inca)da| = pin,
D
[39] Iine = inc V(D)

wherevy(D) =~(W, W), as discussed above, is defined by Eq. 13.

Sincepuy = ugy (see Eq. 4), the mean and variance/of can be obtained using first order
approximations to expectations of Eqg. 9 (Fenton and Grfi#003), as follows,

erotar? (3 +45) — 1

[40] fiin & = Hanw, >IN tanyu,
anf, \ bd 1+’
2 2 ¢ g% | —— +a?)d+1+d?| —
[41] Oing, =~ 0F ( i u¢) 74 [bdzl{ﬁ(l a’)yd+1 d} a ]

wherea = tan(,), b = ™, d = tan(§ +£2). The variance of) can be obtained by making
use of Eq. 17,

2 m
[42] 02 = 755N pat - 29)

wheregz? is the spatial location of the center of tiith soil observation{=1,2,...,m). See
Eq. 16 for the definition of .
Sinceu; = uy (see Eg. 29), the mean and variancé\_@fcan be obtained in the same fashion

as forV, (in fact, they only differ due to differing local averagingthe variance calculation).
With reference to EQ’s 19 and 32

[43] MinN, = Mn&, = Minn,
dinN.; \? bd 1 +a21?
2 .2 c - 2 2 2|
[44] o2 %( o %) 02 [Wl[w(l +a )d+1+d] ]
[45] 0% = 05y(D) = a5y (W, W)
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See previous item for definitions af b, andd. The variance reduction function(W, W) is
defined for two dimension by Eq. 13 and Eq. 16 defings

6) The covariance between the observed cohesion valuebaerdtivalent cohesion beneath the
footing is obtained as follows fab = W x W and@ = Ax x H,

[46] Cov[Ing,Ing] ~ Dzméz/ / plzy — 3,) dzy dzy = 02 oo

where,,, is the average correlation coefficient between the two ateand(). The areaD
denotes the averaging region below the footing over whichvadent properties are defined
and the ared&) denotes the region over which soil samples are gatheredseTaeeas are
illustrated in Figure 5. In detaily,, is defined by

w/2 r+Az/2
[47]  Ypo = (WzAfH)Z/W/z/H W/ Aw/Z/O P61 — 1, & — 12) d&o d€y dwp day

wherer is the horizontal distance between the footing centerlimtethe centerline of the soil
sample column. EqQ. 47 can be evaluated by Gaussian quaglratur

7) The covariance betwee¥, and V., is similarly approximated by

[48] Cov[InN,,InN,] ~ o2 y. 7m0

dIn N,
[49] J% Ne 2 Oy ( pr

2

2_ 2 bd 2 2
=02 [w(1+@)d+1+d}
He

1+a?
bd2 — 1 }

a

Substituting these results into Eq's 26 and 27 gives

[50] Miny = Hinr
[51] Oy = oy + oo+ o] (A, H) + 9, W) = 290

which can now be used in Eq. 24 to produce estimates off the friction angle is non-random,
as in a purely cohesive soil whepe= 0, thens? . = 0 and Eq. 51 simplifies slightly. The primary
impact of takingp = 0 is that the variability o is reduced since only one soil parameter is now
random. As will be shown shortly, this means that if only cgibe is random, a larger resistance
factor can be used, as expected. In other words, the resgstantors presented for the more
generak — ¢ case are conservative. Letting

[52] q=1 [aL-’[\/L + an/D]

allows the probability of failure to be expressed as

In(9/¢g) - ,Ulny>

Oy

53] p =PIV > /6, =P[InY > In(g/6,)] =1 @ (

where® is the standard normal cumulative distribution function.
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Figure 6 illustrates the best and worst agreement betwderefgrobabilities estimated via simu-
lation and those computed using Eq. 53. The failure proltigsilare slightly underestimated at the
worst case correlation lengths when the sample locatiootidirectly below the footing. Given all
the approximations made in the theory, the agreement isg@vd (within a 10% relative error),
allowing the resistance factors to be computed with conideven at probability levels which the
simulation cannot estimate — the simulation involved ofi@@realizations and so cannot properly
resolve probabilities much less thai®01.

(o]
S I,
S |y —— Predicteds. = 0.3 —  Predicted/, = 0.3
- I Predictedv = 0.5 N e Predictedv. = 0.5
> | o
e o Simulatedv, = 0.3 o o Simulatedv, = 0.3
S | o Simulatedv, = 0.5 N o Simulatedv, = 0.5
a8 a)r=0.0m & ¢ b)r=9.0m
~ 9 @y=0.8 S 7 e @y=038
o o b
o S |
o _| o
o
S o -
T T T T T T T T T T T T T T T T ]
0O 5 10 15 20 25 30 35 40 45 50 55 0O 5 10 15 20 25 30 35 40 45 50 55
6 (m) 6 (m)

Figure6. Comparison of failure probabilities estimated from sintigla based on
2000 realizations and theoretical estimates using Eqg. 98t & shows
probabilities when the soil has been sampled directly utlderfooting,
while b) shows the probabilities when the soil has been sadn®Im from
the footing centerline. Note the change inthe verticalesssathe probability
of failure is much lower when samples are taken directly utttkeproposed
footing.

4. Required resistance factor

Eq. 53 can be inverted to find a relationship between the dalskepprobability of failurep, = p,,,,
and the resistance factat,, required to achieve that acceptable failure probability,

54 1 [ozLIA/L+ozDI:D]
[ ] ¢g - exp{,ulny +0Inyﬁ}

wheref is the desired reliability index correspondingitg. Thatis® (3) =1 - p,,. For example,
if p,, = 0.001, thens = 3.09.

The computation ofy,, in Eq. 54 involves knowing the size of the averaging domainunder
the footing. In turn,D depends on the average mean wedge zone depth (by assunupttar)
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the footing, which depends on the mean footing wigtf, Unfortunately, the mean footing width
given by Eq. 31 depends ap, so solving Eq. 54 fow, is not entirely straightforward. One
possibility is to iterate Eq. 54 until a stable solution isabed. However, the authors have found
that Eq. 54 is quite insensitive to the initial size/ofand using an ‘average’ value of in Eq. 31

of 0.7 is quite sufficient. In other words, approximating

1 [aLlA}L + aDZA}D}
0. 7pcpin,
allowsay,, to be suitably estimated for use in Eq. 54.

In the following, the value of, required to achieve three target lifetime failure probapievels
(1072, 1073, and 10*) for a specific case (a strip footing founded on a soil withcifjiestatistic
parameters) will be investigated. The results are to be ederelatively. It is well known that
the true probability of failure for any design will only be dwwn once an infinite number of
replications of that particular design have been obserwved iafinite time (and thus exposed to
all possible loadings). One of the great advantages of pibéac models is that it is possible to
make probabilistic statements immediately, so long as wendlling to accept the fact that the
probability estimates are only approximate. In that pastoiy provides a wealth of designs which
have been deemed by society to be acceptably reliable (praadhe case may be), the results
presented here need to be viewelhtive to past designs so that the acceptable risk levels based
on the past many years of experience are incorporated. & otbrds, the results presented in the
following, although rational and based on rigorous redgareed to be moderated and adjusted by
past experience.

[55] fip =

The following parameters will be varied in the simulationdst to investigate their effects on the
resistance factor required to achieve a target lifetimar@iprobabilityp,,;

1) Three values af,, are considered, 0.01, 0.001, and 0.0001, correspondiedjabitity indices
of approximately 2.3, 3.1, and 3.7, respectively.

2) The correlation lengtt), is varied from 0.0 to 50.0 m.

3) The mean cohesion was set;tp= 100 kN/nf. Four coefficients of variation for cohesion
are considered;, = 0.1,0.2,0.3, and 0.5. The factor for the friction angle distribution (see
Figure 3) is set correspondingly $o= 1,2, 3, and 5. Thatis, when. = 0.2, s is setto 2.0, and
so on. The friction angle distribution is assumed to rangmfp,,,;,, = 0.1745 radians (10 to
dmae = 0.5236 radians (30. The corresponding coefficients of variation for frictiangle are
vy = 0.07,0.14,0.20, and 0.29.

4) Three sampling locations are considered: 0,4.5, and 9.0 m from the footing centerline (see
Figure 5 for the definition of).

The design problem considered involves a strip footing stppg loads having means and standard
deviations

[564] 11,. =200 kN/m o,. =60 kN/m
[560] 11, =600 KN/m op =90 kN/m

Assuming bias factork, = 1.18 (Becker, 1996) and,_ = 1.41 (Allen, 1975) gives the character-
istic loads

[57a) L, = 1.41(200) = 282 kN/m
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A

[57b] L, =1.18(600) = 708 kN/m
and the total factored design load (assumingl) is
[58] q=1I(c, L, +a,L,) = 15(282) + 125(708) = 1308 kN/m

So long as the ratio of dead to live load (assumed to be 3.0isnstiady), the coefficients of
variation of the load (assumed to bg = 0.3 andv, = 0.15), and the characteristic bias factors,
k., andk,, are unchanged, the results presented here are indepafdbatload applied to the
strip footing. Minor changes in load ratios, coefficientsvafiation, and bias factors should not
result in significant changes to the resistance factor.

| ar=0,p,, =0.0001 b)r=9,p,=0.01

V. =03

@g
0010.2030405060.70.809 1
@g
0010.2030405060.70.809 1
|

~_— e L
_\‘{;y"/ —F— Vv,=03 IR /’/,/
---------------------- V. =05 -
]l === ve =0.3,p/1.5 ]l === ve =0.3,p/1.5
7 —-—-— Vv.=05,p,/15 7 —-—-— Vv.=05,p,/15
1 T 1 1 T T T 1 1 T 1 1 T T T 1
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
6 (m) 6 (m)

Figure7. Effect of failure probability underestimation on the réarse factor re-
quired by Eq. 54.

Considering the slightly unconservative underestimaticthe probability of failure in some cases
(see Figure 6b), it is worthwhile investigating how sensitEq. 54 is to changes in,, of the
same order as the errors in estimatiorpef If p,, is replaced by,,/1.5, then this corresponds
to underestimating the failure probability by a factor dd,lwhich was well above the maximum
difference seen between theory and simulation. It can befses Figure 7, which illustrates the
effect of errors in the estimation of the failure probalgjlthat the effect o, is minor, especially
considering all other sources of error in the analysis. @fdases considered in this study, the
values least affected by an underestimation of the proibabdcur when the soil is sampled under
the footing ( = 0) and for smalp,,,, as seen in Figure 7a. The worst case is shown in Figure 7b
and all other results (not shown) were seen to lie betweesettveo plots. Even in the worst case
of Figure 7b, the change i, due to errors in probability estimation are relatively snaald will
be ignored.

Figures 8, 9, and 10 show the resistance factors requiretthéocases where the soil is sampled
directly under the footing, at a distance of 4.5 m, and at adce of 9.0 m from the footing

centerline, respectively, to achieve the three targatr@aiprobabilities. The worst case correlation
lengthis clearly between about 1 to 5 m, as evidenced by théfat in all plots the lowest resistance
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factor occurs when & # < 5m. This worst case correlation length is of the same madeias the
mean footing width 4 = 1.26 m) which can be explained as follows; if the random soitiBedre
stationary then soil samples yield perfect informatiogarelless of their location, if the correlation
length is either zero (assuming soil sampling involves stooal averaging) or infinity. When the
information is perfect the probability of a bearing capaédilure goes to zero ang, — 1.0 (or
possibly greater than 1.0 to compensate for the load biasr&gc When the correlation length
is zero, the soil sample will consist of an infinite number dependent ‘observations’ whose
average is equal to the true mean (or true median, if the geesaa geometric average). Since the
footing also averages the solil properties, the footingsst#ee same true mean (or true median)
value predicted by the soil sample. When the correlatiogtiegoes to infinity, the soil becomes
uniform, having the same value everywhere. In this casesaitysample also perfectly predicts

conditions under the footing.

At intermediate correlation lengths soil samples beconeenfiect estimators of conditions under
the footing, and so the probability of bearing capacityuialincreases, or conversely, the required
resistance factor decreases. Thus, the minimum requisestaace factor will occur at some
correlation length between 0 and infinity. The precise vdkgends on the geometric characteristics
of the problem under consideration, such as the footinghyidéepth to bedrock, length of sall
sample, and/or the distance to the sample point. NoticegarEs 8, 9, and 10 that the worst case

point does show some increase as the distance to the sarogl®igr, increases.
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As expected the smallest resistance factors correspohdhédtsmallest acceptable failure proba-
bility consideredp,,, = 0.0001, and with the poorest understanding of the soil praggeunder the
footing (i.e. when the soil is sampled 9 m away from the foptenterline). When the cohesion
coefficient of variation is relatively large,. = 0.5, with corresponding, ~ 0.29, the worst case
values ofyp, dip almost down to 0.1 in order to achieyg = 0.0001. In other words, there will be a
significant construction cost penalty if a high reliabilitpting is designed using a site investigation
which is insufficient to reduce the residual variability és$ than,, = 0.5.

The simulation results can also be used to verify the thealgt determined resistance factors.
This is done by using the simulation-based failure prolizdsl as values op,, in the theory
and comparing the resistance factgy, used in the simulation to that predicted by Eq. 54. The
comparison is shown in Figure 11. For perfect agreementdestwheory and simulation, the
points should align along the diagonal. The agreement isiddéeo be very good and much of the
discrepancy is due to failure probability estimator eraw,discussed next. In general, however,
the theory-based estimates¢gfare seen to be conservative, that is somewhat less thanrstren i
simulations on average.

Those simulations having less than 2 failures out of the 2@@0zations were omitted from the
comparison in Figure 11, since the estimator error for soehgdrobabilities is as big, or bigger,
than the probability being estimated. In fact, for thosewations having 2 failures out of 2000
(included in Figure 11), the estimated probability of fadlus 0.001 which has standard error
\/0.001(0999)/2000 = 00007. This error is almost as large as the probability bestgmated,
having a coefficient of variation of 70%. In fact most of theaepancies in Figure 11 are easily

attributable to estimator error in the simulation. The @ordnt of variation of the estimator at the
0.01 probability level is 20%, which is still bigger than mos$ the relative errors seen in Figure
11 (the maximum relative error in Figure 11 is 0.2&at= 0.5).

The “worst case” resistance factors required to achieventiieated maximum acceptable failure
probabilities, as seen in Figures 8 through 10, are sumathiizTable 2. In the absence of better
knowledge about the actual correlation length at the sitguiestion, these factors are the largest
values that should be used in the LRFD bearing capacity desig strip footing founded on a
¢ — ¢ soil.

Itis noted, however, that the factors listed in Table 2 areetimes quite conservative. For example,
whenv, = 0.3, 7 = 45 m, andp,, = 0.001, Table 2 suggests thaj = 0.42 for thec — ¢ soll
considered here. However, if the soil is undrained, with O (all else being the same), then the

only source of variability in the shear strength is the cadesin this case the above theory predicts
a resistance factor af, = 0.60 which is considerably larger than suggested by Table 2.
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Table2. Worst case resistance factors for various coefficients oatian, v,, dis-
tance to sampling location, and acceptable failure probabilities, .

r=00m r=45m r=90m
v. || p,m =0.01|0.001| 0.0001}| p,, =0.01| 0.001| 0.0001|| p,, =0.01 | 0.001| 0.0001
0.1 1.00 0.99 0.89 1.00 0.89 0.79 1.00 0.86 0.76

0.2 0.96 0.80 | 0.69 0.79 0.62 | 0.51 0.74 0.57 | 046
0.3 0.80 0.63 | 052 0.59 042 | 032 0.54 038 | 028
0.5 0.58 041 | 031 0.35 021 | 014 0.31 018 | 011

To compare the resistance factors recommended in Tableeaigtance factors recommended in
the literature and to current geotechnical LRFD codes, gbsiin the load factors from code to
code need to be taken into account. It will be assumed thatfadir sources define,_, up, k..,
andk, in the same way, which is unfortunately by no means certane dasiest way to compare
resistance factors is to compare the ratio of the resisticter, ¢ , to the total load factory. The
total load factor, defined for fixed dead to live load ratiathis single load factor which yields the
same result as the individual live and dead load factors,d.(aLL + LD) =, L, +a,L,. For
mean dead to live load rati8,,, = 1/, and characteristic bias factdtg andk,,

[59] o= aLéL + (}D-’[\/D _ aLkLMLe +apkopp
L, +L, kpp, +kppp
- apk, + aDkDRD/L
k, + kDRD/L

which, for R/, = 3, k, = 141, k, = 118, givesa = 1.32. Table 3 compares the ratio of the
resistance factors recommended in this study to total lactdf ratio with three other sources. The
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individual “current study” values correspond to the motkeaase where,. = 0.3 and acceptable
failure probabilityp = 0.001. The resistance factor derived from the Australian ciesh (2004)
on bridge foundations assumes a dead to live load ratio afn®Ostated in the code) and that the
site investigation is based on CPT tests.

Table3. Comparison of resistance factors recommended in this stuthose rec-
ommended by three other sources.

Source L oad Factors b, | O/
Current studyy =0m Ry =3,a,=15,a,=125| 063 | 048
Current studyy =45m | R,,, =3,a, =15,0,=125| 042 | 032
Current studyy =9.0m | R,,, =3,a, =15,a,=125| 0.38 | 0.29
Foye et al. (2006) R,,=4,0,=16,0,=120| 070 | 0.54
Canadian Foundation
Engrg. Manual (2006) | R/, =3,a, =15,a,=125 | 050 | 0.38
Australian Standard
Bridge Design (2004) | R/, =3,a,=18,0,,=120 | 045 | 0.33

Apparently the resistance factor recommended by Foye g@06) assumes very good site
understanding — they specify that the design assumes a G3tigation which is presumably
directly under the footing. Foye’s recommended resistéacer is based on a reliability index of
(£ = 3, which corresponds to,, = 0.0013, which is very close to that used in Table3 € 0.001).
The small difference between the “current study 0 result and Foye’s may be due to differences
in load bias factors — these are not specified by Foye et al.

The resistance factor specified by the Canadian Foundatigim&ering Manual (Canadian Geotech-
nical Society, 2006) is somewhere between that predictezlfoether = 0 andr = 4.5 m results.
The CFEM resistance factor apparently presumes a reasgriblnot significant, understanding
of the soil properties under the footing (erg~ 3 m rather than- = 0 m). The corroboration
of the rigorous theory proposed here by an experience-besgel provision is, however, very
encouraging. The authors also note that the CFEM is the anlyce listed in Table 3 for which
the live and dead load bias factors used in this study cands®nably assumed to also apply.

The Australian Standard AS 5100.3 (2004) resistance faatioris very close to that predicted here
usingr = 45 m. Itis probably reasonable to assume that the Austrateamdard recommendations
correspond to a moderate level of site understanding tesg4.5 m) and an acceptable failure
probability of about 0.001.
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5. Summary

One of the main impediments to the practical use of this paptrat it depends on an a-priori
knowledge of the variance, and, to a lesser extent sincestwase” results are presented above,
the correlation structure of the soil properties. Howeassuming that at least one CPT or SPT
sounding (or equivalent) is taken in the vicinity of the fiogt, it is probably reasonable to assume
that the residual variability is reduced to a coefficient afiation of no more than about 0.3, and
often considerably less (the results collected by otherstigators, e.g. Phoon and Kulhawy, 1999,
suggest that this may be the case for ‘typical’ site invediogs). If this is so, the resistance factors
recommended in Table 2 for = 0.3 are probably reasonable for the load and bias factors a&ssum
in this study.

The resistance factors recommended in Table 2 are conseriraat least) the following ways;

1) itis unlikely that the correlation length of the residuahdom process at a site (after removal
of any mean or mean trend estimated from the site investigaéissuming there is one) will
actually equal the “worst case” correlation length,

2) the soil is assumed weightless in this study. The adddf@oil weight will reduce the failure
probability and so result in higher resistance factors fa@diacceptable failure probability,

3) sometimes more than one CPT or SPT sounding is taken ait¢hi@ she footing region, so
that the site understanding may exceed even-tke0 m case considered here if trends and
layering are carefully accounted for,

4) candg are assumed independent, rather than negatively codelalech leads to a somewhat
higher probability of failure and correspondingly lowesistance factor, and so somewhat
conservative results. Since the effect of positive or riega&iorrelation ofc and¢ was found
by Fenton and Griffiths (2003) to be quite minor, this is notaansource of conservatism.

On the other hand, the resistance factors recommended ie Zalve unconservative in (at least)
the following ways;

1) measurement and model errors are not considered in tiiig. SEhe statistics of measurement
errors are very difficult to determine, since the true vahessd to be known. Similarly, model
errors, which relate both the errors associated with tedimgl measured values (e.g. CPT or
SPT measurements to friction angle values) and the errecxiated with predicting bearing
capacity by an equation such as Eq. 5 are quite difficult tonesé simply because the true
bearing capacity along with the true soil properties arelyaif ever, known. In the authors’
opinions this is the major source of unconservatism in tlesgmted theory. When confidence
in the measured soil properties or in the model used is l@wghults presented here can still be
employed by assuming that the soil samples were taken fuattay from the footing location
than they actually were (e.g. if low-quality soil samples taken directly under the footing,
r = 0, the resistance factor corresponding to a larger values#yr = 4.5 m should be used).

2) the failure probabilities given by the above theory aigigly underpredicted when soil samples
are taken at some distance from the footing. The effect af uhderestimation on the rec-
ommended resistance factor has been shown to be relatiwedy tut nevertheless is slightly
unconservative.

To some extent the conservative and unconservative falkisted above cancel one another out.
Figure 11 suggests that the theory is generally conseevditimeasurement errors are assumed to
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be insignificant. The comparison of resistance factorsgmtesl in Table 3 demonstrates that the
‘worst case’ theoretical results presented in Table 2 agree well with current literature and
LRFD code recommendations, assuming moderate variabilitysite understanding, suggesting
that the theory is reasonably accurate. In any case, thegtpemvides an analytical basis to extend
code provisions beyond mere calibration with the past.

The results presented in this paper are for-ap soil in which both cohesion and friction contribute
to the bearing capacity, and thus to the variability of threrggth. If it is known that the soil is
purely cohesive (e.g. “undrained clay”), then the strengtiiability comes from one source only.
In this case, not only does Eq. 51 simplify singe,_ = 0, but because of the loss of one source of
variability, the resistance factors increase signifigarnthe net result is that the resistance factors
presented in this paper are conservative when0. Additional research is needed to investigate
how the resistance factors should generally be increasédridrained clays”.

The effect of anisotropy in the correlation lengths has rearbcarefully considered in this study.
It is known, however, that increasing the horizontal catieh length above the worst case length
is conservative when the soil is not sampled directly belmfboting. When the soil is sampled
directly under the footing, weak spatially extended hamiablayers below the footing will obvi-
ously have to be explicitly handled by suitably adjusting tharacteristic soil properties used in
the design. If this is done, then the resistance factorsestgd here should still be conservative.
The theory presented in this paper easily accomodates thatiapic case.

One of the major advantages to a table such as Table 2 is finavitles geotechnical engineers with
evidence that increased site investigation will lead tauced construction costs and/or increased
reliability. In other words, Table 2 is further evidencettiiau pay for a site investigation whether
you have one or not (Institution of Civil Engineers, 1991).
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List of Symbols
The following symbols are used in this paper:

a =tanu,

A =load tributary area

b=e™

B = strip footing width

¢ = cohesion

¢ = geometric average of cohesion field over domain

¢ = geometric average of observed (sampled) cohesion values
¢; = observed (sampled) cohesion value

i-n(3)

D = effective soil property averaging domain centered undetifig =W x W
D, =z, dimension of the averaging domain
D, = x, dimension of the averaging domain
E[:] = expectation operator
G = standard normal random field (log-cohesion)
G, = standard normal random field (underlying friction angle)
H = depth to bedrock and depth of assumed soil sample
I = importance factor
k., = extreme lifetime live load bias factor
k, = dead load bias factor
L = total true (random) footing load, kN/m
ii = 4'th characteristic load effect
L, =true (random) dead load, kN/m
ﬁD = characteristic dead load/s, i, KN/m
L,
L,

= true (random) maximum live load over design life, kN/m
= characteristic live load %, _y,,, KN/m

m = number of soil observations

N, = N-factor associated with cohesion, which is a functiow of

N, = effective N-factor associated with cohesion, which isdoasn an arithmetic
average of the friction angle over domdin
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Nc = characteristic N-factor associated with cohesion, wh&chased on an arith-
metic average of the observed friction angles over domaifin soil sample
observations)

ps = probability of bearing capacity failure

P = Maximum acceptable probability of bearing capacity failu

¢, = ultimate bearing stress

¢, = ultimate bearing stress estimated from characteristipeaperties

q = factored design load #a, L, + o, L,)
@ = characteristic soil property averaging domaithz x H
r = distance between soil sample and footing center, m
Ry, = ratio of mean dead load and mean extreme lifetime live load

A

R, = ultimate resistance based on characteristic soil prigsert
R, = true ultimate resistance (random)
s = scale factor used in distribution of
v, = coefficient of variation of cohesion
v, = coefficient of variation of dead load
v, = coefficient of variation of total load
v,, = coefficient of variation of extreme lifetime load
v, = coefficient of variation of friction angle
W = side dimension of effective averaging doméain
x = spatial coordinate ¢, x,) in 2-D
x; = spatial coordinate of the center of thh soil sample
x; = spatial direction:{, andz,) or i’th soil property observation
Y =true load times ratio of estimated to effective bearingaciy
a = total load factor
«; = load factor corresponding to thih load effect
«, = live load factor
o, = dead load factor
0 = reliability index corresponding to acceptable failurelpability, p,,
Ax = horizontal dimension of soil samples
¢ = friction angle (radians unless otherwise stated)
¢, = resistance factor
djz arithmetic average af over domainD
¢3 = arithmetic average of the observed friction angles
Omin = Minimum friction angle
Omax = Maximum friction angle
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¢; = i'th observed friction angle
® = standard normal cumulative distribution function

~(D) = common variance function giving variance reduction duawveraging over do-

main D
(D) = variance function giving variance reduction due to agerg log-cohesion over

domainD
7,(D) = variance function giving variance reduction due to agem@G , over domainD

Ypo = average correlation coefficient between domdasnd()
it = cohesion mean
thine = log-cohesion mean

tine = mean of the estimate of log-cohesion based on a geomegrag® of cohesion

observations
e = mean of the effective log-cohesion based on a geometriageef cohesion over domain

(., = mean ofN,
tin v, = mean of InV,
fi . = mean of I\,
{n 5, = Mean of In\,
1, = mean dead load
14, = mean total load on strip footing, kN/m
w1, = mean extreme live load over design life
tin . = Mmean total log-load on strip footing
e = mean friction angle
ng = mean of estimated friction angle
1 = mean of effective friction angle in zone of influence undeating
tiny = mean of InY”
i = estimated mean footing width
0 = correlation length of the random fields
0. = correlation length of the log-cohesion field
t, = correlation length of thé/, field
p(7) = common correlation function
pine(T) = correlation function giving correlation between two ipisiin the log-cohesion field
pe(7) = correlation function giving correlation between two pisiin theG , field
o, = cohesion standard deviation
o, = dead load standard deviation
0., = standard deviation of extreme lifetime live load
on 1, = Sstandard deviation of total log-load
omn. = log-cohesion standard deviation
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omne = standard deviation of In
one = Standard deviation of In ~
o4 = standard deviation af
o = standard deviation af
on N, = Standard deviation of Iy,
on N, = standard deviation of Iﬁc
o 5, = Standard deviation of I,
oiny = Standard deviation of [
T = vector between two points in the soil domain
71 = horizontal component of the distance between two pointisersoil domain
T, = vertical component of the distance between two pointsersthil domain
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